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What are the typical dynamics of highly-diverse
systems?

Do dynamics become more complex as the systems become more diverse?



Competitive
Lotka-Volterra
systems

Lotka 1920

Volterra 1926

n populations growing together and
competing for resources
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Assume that on average, species
compete
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Stable equilibrium
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2 populations

Priority effects/bistability




3 populations

Limit cycles




4 populations

Chaos

Stephen Smale, ] Math Bio, 1976




Feasible Equilibrium

Out-of-equilibrium coexistence

requires a feasible equilibrium,

which is the time-average of the
dynamics




Effect of intraspecific
competition

We consider the effects on
coexistence when we increase
intraspecific competition
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General systems

Effect of average interaction strength

Transitions to and from feasibility



Canonical matrix for
competitive systems

Adding positive constants to each
column does not change the
feasibility of the equilibrium
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Canonical matrix for
competitive systems

Adding positive constants to each
column does not change the
feasibility of the equilibrium

%= —_ Y

[+ W'Y

por A(oT+C)y = T
(1Y = m

LAYy L



Transitions to and
from feasibility

As we increase q, the solution can
gain or lose feasibility

There is a critical value a at
which:
- The solution is feasible
- It remains feasible for a > a,

Normalized equilibrium y*«
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The existence of ¢ can be proven
using Perron-Frobenius theorem



Transitions to and

from feasibility 5. \%\l

We want to find a,
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Transitions to and
from feasibility

We want to find a
- a, largest value of a leading to

divergence
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Transitions to and
from feasibility

We want to find a
largest value of a leading to

divergence




Transitions to and
from feasibility
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If there are no real, negative eigenvalues, or
transitions appear before a ,set a. =0




Transitions to and
from feasibility

We want to find a
- q,largest value of a leading to

divergence
- >aq,largest value of a

leading to y.( )=0

Normalized equilibrium y*«
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Example trapsitions for pink
population. g- 4, has two
negative, real eigenvalues.
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Transitions to and
from feasibility
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- aF=maX(a0, , 0., ..., A )

Example trapsitions for pink
population. g- 4, has two
negative, real eigenvalues.




Random systems

We now turn to systems with random coefficients
We examine cases in which populations are statistically equivalent



Random interactions (elliptic law)
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Random interactions (elliptic law)

= Bep Al
B /* pUT B' AxD B

jA,>O -
HAWS  SAME FEAHB'U'}

(BA‘ ) B)&) N &‘V/-\KJATE
J DISTIU Bt V-LO6 U =0

E(Bg)= 0

E(B“')z)"|

‘E (B}) B)A;) = F _
Many results available!



Probability
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Roberts, 1974. Probability of stability given
feasibility is high, and increases with n

Stone, 1988 (and 2016). Computes pAla) for
p=0

Bizeul & Najim, 2021. For p=0
pa)=0if a < (2 nlog n)” and

pAa)=1ifa>(2 n log n)*

Clenet et al., 2022. Different values of p do
not alter substantially the critical value;
feasibility implies stability.

Liu et al. 2023, Marcus et al. 2024, and
many others




Using small-rank perturbations
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Using small-rank perturbations
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Using small-rank perturbations
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Using small-rank perturbations

o[ = AARST BIAL ElGNAWS oF

4"-8

(1€ LMGER- TAN oo
oo mB

- lﬂ\@V( /d'}O(Zj-"'/qM)

X. ( T}Puomu&) A SSouag) WO
(bR gz Low FyM




Using small-rank perturbations
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Statistically-equivalent

populations
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The model is closed under relabeling
of the populations

There is no special structure making
one population behave differently
from the rest

But then all components have the
same expectation, variance, and
correlation
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normally-distributed, then we just
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Further, if we assume independence,
we can compute p,




Computing the variance
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Computing the variance can be
accomplished in different ways

One that works very well is using the
theory of resolvents (ht José Capitan)

We recover extremely precise
approximation even for small n

Alternatively---use iterative solution
of linear systems (following Stone
1988)



Consequences for dynamics

Robust coexistence of surviving sub-community
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Feasibility
implies stability



Three scenarios
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Top-down vs bottom-up assembly

Top-down assembly Bottom-up assembly
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Summary

General systems

For “competitive” GLV,
average interaction strength
has no effect of feasibility

Many transitions

Exists critical value a,

Random systems
A single transition
Universality

Statistically-equivalent
populations — only variance
changes



Conclusions

“Competitive” GLV: intraspecific competition can guarantee
feasibility and stability (key: r > 0)

For large random systems, generically a.<a, and thus we observe
only equilibria (no cycles or chaos)

Experiments: documented examples of cycles and chaos in food
webs or structured populations



Conclusions

Populations will settle at a saturated equilibrium, as found for
consumer-resource models and GLV with symmetric interactions
(e.g., based on similarity)

Globally-stable dynamics for the surviving species, lack of
invasibility for those that go extinct (up to a point), the system
can be built via successive invasions

The epitome of robust coexistence



Thank you!

Comments? Questions?
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Extra: number of transitions

2 L
—— Normal
1.8 - - = Uniform
- - Discrete
o
‘= 1.6
<b]
Sl
2
2 14 -
wn
3
& 1.2
1 { ~r
|




Extra: outliers vs row sums
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Extra: assembly
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